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06o6m,eHHe HeKOTopwx SKCTpeMajibHMx sa^an o 
HeHajieraK)m,Hx o6jiacTax co cbo6o/i,hi>imh nojiiocaMH 



Generalization of some extremal problems of 



non-overlapping domains with free poles 

Some results related to extremal problems with free poles are generalized. The date 
have been obtained applying the known methods, which are described in an earlier studies. 
Sufficiently good numerical results of 7 were obtained. 

B po6oTi y3araji£>Hem ^eaxi eKCTpeMajit>m 3a,n,aui npo oGjiacri, mp He neperaHaioTBcs: 3 
BijibHHMH nojiiocaMH. OTpnMaHo noitpameHe uncjioBe 3HaueHH2 7. 

B pa6oTe o6o6m;eHBi HeKOToptie pe3ynbTaTBi sKCTpeMajiBHBix sa^an o HeHajieraiornHx o6jia- 
CT3X co cbo6o^hbimh nojiiocaMH. nojiyueHO yjiyurneHoe uncjiOBoe 3HaueHne 7. 



H. B. genera 



1. BBefleHHe. B reoMeTpFraecKoii Teopmi (pyHKurm KOMnjieKCHoro nepeivreHHoro 3KCTpe- 
MajitHbie 3a.j\dHM o HeHajierarouxirx oGjiacTHx aBjisroTca xopoino hsbccthbim KjiaccHnecKHM Ha- 
npaBjieHHeM. no,n; sa^aHaMH Taxoro po^a mm normMaeM onpe^ejieHHe MaxcHMyMa npoii3Be- 
,n;eHHa BHyTpeHrmx pa^nycoB nonapHo HeHajierarouxHx oGjiacTeii, yzjoBjieTBopaioiuHx onpe,n;e- 
jieHHbiM ycjiOBHHM. Bo3HHKHOBeHHe ^aHHoro HanpaBjieHHS reoMeTpiiHecKoft TeopHH (pyHKrjrm 
KOMnjieKCHoii nepeMeHHofl cB33aHo c KjiaccHHecKoit pa6oToit M.A. JIaBpeHTBeBa [1], b koto- 
poft, b nacTHocTH, Gbijia BnepBBie nocTaBjieHa h penieHa 3a^ana o MaxcHMyMe npoH3Be^;eHH2 
KOHcpopMHBix pa^HycoB flByx HenepeceKaroirjrrxca: o,zi;hocbs3hbix oGjiacTefl. B ^ajiBHeflnieM Te- 
MaTHKa cBH3aHaH c H3yneHHeM 3a,a,aH o HeHajieraioinHx oGjiacTsx nojiynnjia pa3BHTHe b paGoTax 
[1 - 12]. B ^aHHofi pa6oTe o6o6in;eHBi HexoTopBie pe3yjiBTaTbi, nojiyneHHBie b [10J. 

IlycTB N, K - MHoacecTBo HaTypajiBHBix h BeuxecTBeHHBix nnceji cooTBeTCTBeHHo, C - kom- 
njieKCHaa njiocKocTB, C = C|J{oo} - o^HOToneHHas KOMnaKTHcpHKariJis: h M + = [0, oo). 

IlycTB r(B, a) - BHyTpeHmm pa^nyc oGjiacra B C C, OTHOCHTejiBHO tohkh a G B (cm. 
nanp. [Q\)K X (t) = \(t + t- 1 ). 

IlycTB n G N. CncTeMy Tonex A n := {a k G C : k — l,n\, Ha30BeM n - Ayueeou, ecjin 
\ttk\ G M + npn k = l,n, = argai < arga 2 < • • • < arga n < 2n. 06o3HaHHM npn stom 

9 k := arga fc , a n+1 := a x , 9 n+1 := 2tt, 

1 a k+l 



a k := - arg , a n+1 :— a x , k — 1, n. 

ty a k 

J\jih npoH3BOJiBHoil n-jiyneBofi cncTeMBi to Hex A n = {a k } h 7 G M + nojiaraeM 



fc=i 



^w-n*^" " n 



a k+l 



■h<*l 



Ofe 



1+T7(afc+Q;fe_i) 



fe=l 



L[,ejiBio ^aHHoit pa6oTBi aBjiaeTca nojiyneHHe tohhbix orjeHOK CBepxy fljia (pyHKirnoHajiOB 
cjie^yrouxero BH^a 



J y = ^(B ,0)l[r(B k ,a k ), 



fe=i 



J 7 = [r (Bo, 0) r (Boo, oo)] 7 J] r (B fc , a k ) , (2) 



fc=i 



r^e 7 G M + , v4 n = {a k }^ =1 - n-jiyneBaa cHereMa tohck, a$ = 0, {-Bfc}fc = o - cucreMa HeHajiera- 
ioiuhx o6jiacTefl (to ecTB B p fl Bj = npn p 7^ j) Taxnx, hto a& G .B^ npn k = 0,n. 

2. OcHOBHbie pe3yjibTaTbi. 

TeopeMa 1. nycmb n G N, n ^ 2 u 7 G (0,1]. Tozda 3aji ak>6ou n-Ayneeou cucmeMU 
moneK A n = {a k }^ =1 , C^ (A n ) = 1 u aw6o2o na6opa 63auMHo HenepeceKatov^uxcH o6/iacmeu 
B k , a k G B k C C, k = 0,n, cnpaeedAueo Hepaeencmeo 

7 (n 2 - 7 ) n+ £ V^ + v^/ 



3Ha?c paeencmea e amoM Hepaeencmee docmueaerriCH, Kosda a k u B k , k = 0,n, sheAsmmcsi, 
coomeemcmeeHHO, noAwcaMU u KpyeoeuMU o6Aacm,MMu neadpamuHHoso dutficfiepeHi^uaAa 

nt w 2 (n 2 -7)w" + 7 2 

Q(w)dw = ^— — -r^o?^ • 4 

w^{w n — l) z 
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TeopeMa 2. IJycmb neN, n^2«7=|. Tozda 3ah ak>6ou n-Ayueeou cucmeMU moneK 
A n = {a k } k=1 , C^ (A n ) = 1 u ah)6o2o Ha6opa esauMHo nenepeceKawmuxcH o6Aacmeu B k , 
a k E B k C C, k = 0, n, cnpaeedjiueo Hepaeencmeo 

i n 9 2n+± /t? - a/?\ ^ 

[r(B ,0)r(B oo ,oo)]^l[r(B k ,a k ) < " ^— ^ . (5) 



fc=i 



rz- 



2_ 2 )^+f \ n + v 7 ^ 



3Ha?c paeencmea e amoM Hepaeencmee docmuzaemcH, xoeda a k u B k HBAHwmcn, coomeem- 
cmeeHHO, no/iwcaMU u KpyeoeuMU o6jiacmsiMU KeadpamuuHozo ducficfiepeimuaAa 

„, ., 2 w 2n + w n (2n 2 - 2) + 1 2 

g tw diu 2 = ^ — -^ dw 2 . (6) 

JJ,OKa3amej\'bcmeo meopeM'bi 1 . CoBepniHM pa3flejiHK)in;ee npeo6pa30BaHHe chctcmbi 06- 
jiacTefl {-Bfc}fc =1 - IIojiojkhm 

E fc := E k (A n ) := {w eC\: 9 k < argw < 9 k+1 }. 

PaccMOTpHM cpyHKHino C — ^k( w ) = — i (e" %9k w) " k , fc = l,n. IIpH Kasc,n;oM k = l,n 3a- 
cpHKcnpyeM Ty BeTBb MHoro3HaHHoft aHajiHTHHecKoii (pymcuHH 7r k (w), KOTopan ocymecTBjiaeT 
o^HOJiHCTHoe h KOHcpopMHoe oTo6pa:>KeHHe E k Ha npaByio nojiynjiocKocTb Re£ > 0. 

IlycTB fl k , k = l,n, o6o3HaHaeT oGjiacTB njiocKocTH £, nojiyneHHyio b pe3yjiBTaTe o6i>- 
e^HHeHHH CBH3Hofi KOMnoHeHTBi MHOJKecTBa n k (B k f)E k ), coflepatameft TOHKy ir k (a k ), CO cbo- 

-d n( 2 ) 

HM CHMMeTpHHHBIM OTpa>KeHHeM OTHOCHTejIBHO MHHMOH OCH. B CBOK) OHepeflb, Hepe3 iZJj. , 

k = l,n, o6o3HaHaeM o6jiacTB njiocKocTH C^, nojiyneHHyio b pe3yjiBTaTe oGte^imeHHs cbh3hoh 
KOMnoHeHTBi MHOJKecTBa n k (B k+ i f) E k ), co^epjKameil TOHKy n k (a k ), co cbohm chmmctphhhbim 
OTpaJKeHHeM OTHOCHTejIbHO MHHMOH OCH, B n+1 := Bi, 7r n (o n+ i) := 7T n (oi). KpoMe Toro, Q k 
6yneT o6o3HanaTB o6jiacTB njiocKocTH C^ , nojiyneHHyio b pe3yjibTaTe o6b.e^HHeHHH cbh3hoh 
KOMnoHeHTBi MHoxcecTBa n k (B f]E k ), coflepjKamen Tonxy ( = 0, co cbohm chmmctphhhbim 

OTpaJKeHHeM OTHOCHTejIBHO MHHMOH OCH. 06o3HaHHM 7T k (a k ) '.— U> k , 7V k (a k+ i) '.— UJj, , k — 1,71, 

( \ _ ( 2 ) 

H3 onpe^ejieHHH (pyHKn;HH i\ k BBiTexaeT, hto 

\n k (vS) -u> k \ ~ — |a fc |^ _1 • |«; - o fc |, w ->■ a fc , w <E E k , 
ttfc 

|7Tfc(ty) -<4 J | |afc+ih fc -|ii;-a fc+ i|, w -> a k+1 , w E E k , 

Oik 

1 

l 7r fe(' u; )| ~ |w| afc , w — > 0, w E E k , 

Tor,n;a, Hcnojib3yH cooTBeTCTByioHiHe pe3yjibTaTBi pa6oT [4-6], nojiynaeM HepaBeHCTBa 



r(B k ,a k ) ^ 



r( n «,4 1) )-K'^*) 



1 I I- 1 1 I I 



(7) 
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k = T^, n^:=nZ\ 4 2) -4 2) , 



r(B ,0)^ 



n^k o) ,o 



*!=i 



(8) 



OTciofla cjie^yeT oueHita ^jia Hccjie,n;yeMoro (pymajnoHajia ([T]) 



J j ^ 



n^Hnf\0)l[r(^\^)r(^\u 



(2) 



,fe=l 



fe=l 



X 



n«* n 

fc=i fc=i 



afc 



OfcOfc+ll 



r = n°* n 



afc 



-' fe=i fe=i \a k a k+1 \ 2a k 



x 



n^fiir'.ojn^aiVfVf" 



fe=i 



fe=i 



»(2) ..(2) 



(9) 



Bt.ipa>KeHHe ([9]), croamee b cKoGxax nocjie^Heit (popMynti, npe^cTaBjiaeT co6ofi npoii3Be- 
^eHHe 3HaHeHHfl (pyHKUHOHajia r 13 (fljj. , Q)r(tt k ,u> k )r(Q k ,u k ) Ha Tpomtax HeimjieraioiHHx 
o6jiacTett lfl k ,Q k ,Q k ) iijiockocth (. 

riepeit^eM ^ajiee k HHBapHaHTHofl cpopMe 3Toro (pyHKUHOHajia, hto ^aeT cymecTBeHHbie 
npeHMymecTBa. C yneTOM pe3yjibTaTOB pa6oTti [8J, nojiynaeM 



[B ,0)l[r(B k ,a k )^ M]> fe Tf 



Ofe 



— x 



fc=i 



vjfe=l 



/c=i |ajfcOfc + i -"•* 



!L^lfl^,0)-rfnf', U f'Vrfnf>, w f> 



n 

fe=i 



;, (1) -a;, (2) l^la;, (1) -a;, (2) l 2 -^ 



X 



X 



jfc=l 



K ■ w fc 



iwfc - u k 



n* n 



Ofc 



■X 



vfc=l 



fe=i |ajtafe+i| 



x 



n 

vfc=l 



/, (1) , , (2) l 
w fc -u k I 



n I, ,W , ,(2)| 



2^i 



n 



UJi' ■ CUi 



,W ,,(2) | 



X 



vfc=l K - U k 



n 

fc=i 



« ^fnf.oi.rifli'vnTlfirX 



)(!) ,,(1) 



>(2) , ,(2) 



L ,(1) ,,(2), 7a 2, (1) (2), 2 _ 7a 2 

|CJ fe ■ UJ k | ' fc ICc'jfc ~ u k \ k 



(10) 
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fc=l 



x2 fc=1 



vfc=l 

,fc=i 



a/, 



flfc+i 



«/>■ 



flfc+i 



n 

Ofe=l 



Ofe X 



flfc+1 



(i k 



n 

fe=i 



^(^Ol-riof,^ -rOf^f ^ 



|..(1) (2), 7a || (1) ,,(2)| 2 _ 7a 2 




X 



n-i E « 2 fe 



n«* n 



vfc=l 
n 
X 

fc=l 



fc=l 



X 



(Ik 



Q-k+1 

ni a fci i+ ^ K+Qfc_i)>< 



1 T"t 
1 2 



^T^lnr.OlTfn^^l.rfnWa;^ 



x 



n 

fc=i 



(l)_,,(2)| 7 ^ L ,(l)_,„(2)|2- 7 ^ 



IWfc' -Wfc'|'-*|Wfc -w fc 



.Ml 



,(2) I 



.(1) 



,( 2 ) I 



3,necb Hcnojib30BaH£»i cooTHonieHHs \u k '\ = \a k \ ak , \u k "'\ = |afe + i| a *, \u k ' — oo^'\ ----- \a k \ ak + 

i 
lofc+il™*. OyHKHHOHaji, ctohiu;hh b (purypHbix ckoGkbx b BbipaaceHHH (fTUj) . HHBapnaHTeH npn 

JIK)6bIX KOHCpOpMHBIX aBTOMOp(pH3MaX C. 

IIpH Ka>KflOM k = 1,71 HeCJIOJKHO yKa3aTb KOHCpOpMHblft aBTOMOp(pH3M C = Tfe(^) njIOCKOCTH 

KOMnjiexcHbix HHceji C TaKoft, hto T k (0) = 0, 7*. (<?£ ) = (— l) s • i, Q k := ^& (^l )> ^ = 



1,71, S = 1,2, q = 0,1,2. HHBapHaHTHOCTb OTHOCHTejIbHO KOHCpOpMHblX aBTOMOp(pH3MOB C 

(pymajnoHajia 



Jz(ai,a.2,az) 



r a ^(B 1 ,a 1 ) ■ r a *(B 2 ,a 2 ) ■ r a ^B 3 ,a 3 ) 



loi - a 2 \ ai+a2 - az ■ loi - a 3 | Ql - a2+a 3 . |a 2 - a 3 \- ai+a2+a ^ ' 



ctfc € M + , afc G £?& C C, B k f]B p = 0, k = 1, 2, 3, p = 1, 2, 3, k j^ p, no-BH^HMOMy, BnepBbie 
yKa3aim b paGoTe [8]. C yneTOM stoh HHBapnaHTHocTH, nojiynaeM 



n_ i E a l 
J 7 ^ 2 *=i * 



n<* -n 



K k=l 



fc=l 



X 



«/>■ 



Ofc+1 



1 ^ ™ 



ni^i i+i 



7(a fc +o fe _i) 



X 



fc=l 



n 



r a ^ ( n { k °\ 0) ■ r m W , -z ) ■ r (fif ,i 



"-i E <4 



2 2 -T a fc 



\k=l 



fc=i X 



M. B. genera 



x 



n-*(n?\o)T(nw 

Jfe=l 



/) /(^ 2) ,i 



< 



c \\{a k \ -C^(A n ) 

\k=l 



n 

f[r^(nf\o)-r(n^,-i)-r(n 

,fc=l 



(2) 

fc ' 



B pe3yjibTaTe npoBefleHHbix BbiHHCJieHHft ncxoflHaa 3aflana CBefleHa k oueHKe CBepxy cpyHK- 
HHOHajia r 13 (B Q ,0)r(Bi,i)r(B 2 ,—i) Ha Kjiacce TpoeK nonapHo HenepeceKaroiHHxca: oGjiacTefl 
{B , -Bi, .B 2 } TaKHx, hto G -B , i G Si, -i G £ 2 , S fe c C, k = 0, 1, 2. 

,H,ajiee Hcnojib3yeM MeTOfl, npefljioxceHHMH B.H. ,H,y6HHHHBiM npn flOKa3aTejibCTBe TeopeMbi 
4 [5], h yHHTbiBaH pe3yjibraT JI.H. Koji6hhoh [8J, nojiynaeM 



r^ 3 (S ,0)r(S 1 ,z)r(S 2 ,-i)<W) = 

= 2^ 2+6 • /^ 2+2 (2 - /?)-^ 2 -« 2 • (2 + /3)-^ 2 +« 2 , /3 G [0, 2]. 
PaccMOTpHM 3KCTpeMajiBHyio 3aflany: 

n n 



:id 



(12) 



fc=l 



fc=l 



Heo6xoflHMbie ycjioBHH hmciot bha 

9{0) 



-A 



n 

fc=i 



, k = l,n. 



(13) 



rioKaaceM, hto Bee ^ paBHBi Meatfly co6oii. HccjieflyeM noBefleHHe cpyHKUHH F((3) = A„} = 
2/31n(2/?) + | + (2-^)ln(2-/3)-(2 + /3)ln(2 + /3) Ha npoMexcyTKe f3 G [0,2]. OHa cTporo y6bmaeT 
Ha npoMexcyTKe (0;/3o], /3o G (1,32; 1,33) h B03pacTaeT Ha [/5o;2). BBefleM BcnoMoraTejibHyio 
(pyHKflHio #(/?) = F(/3) — F(2 — (3), < /3 < 1. #(/?) nojioxcHTejibHa Ha HHTepBajie (0,1), 
nocKOJibKy F(2 — /3) jiexcHT HH»ce neM F{j3). Ecjih Tenepb xoth 6bi oflHO H3 ^ Gojibine 1, 
HanpHMep, fiy > 1, to fljia ocTajibHbix /3j, HMeeM HepaBeHCTBa j3 k < 2 — /?&/ < 1 < /3 h 
noTOMy F(/3 fe ) > F(2 - /3 fc /) > F(2 - (2 - /3 fc /)) = F(/3 fc /). IIojiyHHjiH npoTHBopenHe c f [T3]) . 
IIosTOMy fljia npoH3BOjibHoro k cnpaBefljiHBO ycjiOBHe ^6 (0,1]hb CHjiy paBeHCTB f fl2|) . a 
Taxace mohotohhocth -F(/3) Ha (0, fto] b TOHKe npeflnojiaraeMoro 3KCTpeMyMa, HMeeM j3 k = -, 
l,n. OTciofla cjieflyeT, hto TOHKa (-,..., §) fleficTBHTejibHo ecTb penieHHeM 3aflanH ( fT2l) 



A; = i,n. UTcrofla cjieflyeT, hto TOHKa {-,...,-) flencTBHTejibHo ecTb penieHHeM 3aflanH 
Hcnojib3yH ohchkh ((7|), (|H1) h (fTTj) nojiynaeM flOKa3aTejibCTBo TeopeMbi. 

H3 cbohctb pasflejiaiomero npeo6pa30BaHHH |5] nojiynaeM, hto 3Hax paBeHCTBa b HepaBeH- 
CTBe fl3]) flocTHraeTCH, xorfla tohkh a k h o6jiacTH B k , k = 0, n, hbjihiotch, cooTBeTCTBeHHo, 
nojuocaMH h KpyroBbiMH o6jiacTHMH KBaflpaTHHHoro flHcpcpepeHflnajia 01]). TeopeMa 1 flOKa3a- 
Ha. 

B. H. ,Hy6HHHH flOKa3aji stot pe3yjibraT npn 7 = 1 fljiH jiioGmx pa3JiHHHbix Tonex a k , 
jiexcainHx Ha oKpyxcHocTH \z\ — 1 h jhoGmx nonapHo HenepeceKaron^HxcH o6jiacTeit B k (cm. 

mm- 

,Z^OKa3aTejibCTBO TeopeMbi 2. Mm coxpaHaeM Bee o6o3HaneHH3 fljiH pa3fleJi5nomero npe- 
o6pa3QBaHHH o6jiacTeit, BBefleHHbie npn flOKa3aTejibCTBe TeopeMbi 1 fljia oGjiacTeit B k , k = 0, n. 
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KpoMe Toro, fijj. Sy^eT o6o3HaHaTb o6jiacTb njiocKocTH C^ , nojiyneHHyio b pe3yjibraTe oGt- 
e^HHeHHH cb33hoh KOMnoHeHTti MHOJKecTBa 7Tk(B 00 f^-Efc), co^epjKaiHeH TOHKy ( = oo, co cbo- 

HM CHMMeTpHHHbIM OTpaJKeHHeM OTHOCHTejIbHO MHHMOH OCH. CeMeHCTBO < ^j. \ , SBJIHeTCS 

pe3yjiBTaTOM pa3flejiHK)in;ero npeo6pa30BaHHa npoH3BojibHOH o6jiacTH B^, oo G -B^ C C, ot- 
HocHTejibHo ceMeitcTB {-Efc}fc = i H {^fcj^i B TOHKe £ = oo. 
IIo TeopeMe 2 j5] HMeeM 



r(5no, oo) < 



n^fcr°\oo 



,fc=i 



(14) 



Hcnojib3y3 ohchkh ©, flB]), ( fT4^) . nojiynaeM 

[r( J B ,0)r( J B oo ,oo)]^n r (^' a fc)^ 2n - ( II a * 



x 



fe=i 



a=i 



X 



£(°)(A 



)(oo) 



(1) 



i)T(n[ 2) 



_fe=i 
TeopeMa 6 pa6oTbi [5 J ^aeT 

[r(B , 0)r(5 oo , oo)]* r(£ x , »)r(S 2j -z) ^ tf (/3) 

II 



(15) 



= 8f3 2 ? 2+2 ■ |1 - /?|-( 1 -' 3 ) 2 ■ (1 + /3)-( 1+ « 2 , < /5 < v^. 
HepaBeHCTBo f lT5|) nojiyneHo B.H. ,U,y6iiHHHbiM c HcnojiB30BamieM pe3yjiBTaTOB JI.H. Koji6hhoh 

m 

PaccMOTpHM SKCTpeMajiBHyio 3a,n;aHy: 



JJ *(&)-► sup; 53& = V2. 



it=i 



fe=i 



BBe^eM (pyHKHHio -F(/3) 



*08) 



. BbiHHCJieHHa noKa3biBaioT, hto 3Ta (pyHKHira y6braaeT 



Ha npoMeacyTKe (0; /3q] h B03pacraeT Ha [/3q; \/2) 0,85 < /3 < 1. YHHTbiBaa Taioice, hto 
F(0,564) > 0, F(y2) < 0, nojiynaeM, hto pa3HocTb F(j3) — F{y2 — (3) nojioacHTejibHa Ha 
npoMeacyTKe < /3q < *£■. AHajiorHHHo ,n;oKa3aTejibCTBy TeopeMBi 1, yGeac^aeMca, hto eflra- 

CTBeHHBiM penieHHeM sKCTpeMajiBHoit 3a^;aHH aBjiaeTca TOHKa ( — ,...,—). Oh^hkh (JTj), (jSJ), 
( IT41 . ( TT5l) ^aioT HepaBeHCTBo TeopeMBi 2. Cjiynait paBeHCTBa npoBepaeTca Henocpe^cTBeHHo. 
TeopeMa 2 ^oxasaHa. 

B 3aKJiwueHue eupaotcaw Bjiadodapnocmb A. K. Baxmuny 3a nocmanoeKy 3adan u noA&3Hue 
o6cyotcdenuji. 
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